Introduction
Carbon nanotubes ͑CNTs͒ and nanowires have received significant interest within the science community because of their unique electromechanical properties. CNTs have been used as key elements to build nano-electromechanical systems ͑NEMS͒, such as CNT-based nanotweezers, ͓1,2͔ nonvolatile random access memory, ͓3͔ nanorelays, ͓4͔ rotational actuators, ͓5͔ and feedbackcontrolled nanocantilever devices ͓6͔. Likewise, Si nanowiresbased devices, such as high-frequency resonators ͓7͔ and bistable nano-electromechanical devices, ͓8͔ are of particular interest because of the central role of Si in the semiconductor industry and hence the existing set of known fabrication technologies.
One of the key issues in the design of devices is the understanding of their electromechanical characteristics. Concerning its mechanical response, it has been shown that classical continuum theory is well applicable to their analysis ͓9͔. Concerning device electrical characteristics, a detailed analysis of charge distribution on nanotubes, or nanowires, is critical to the precise calculation of electrostatic forces. Although nanotubes have hollow structures, carbon nanotubes with capped ends are more electrochemically stable than those with open ends ͓10͔. Thus, nanotubes with finite length, as well as nanowires, can be geometrically approximated by conductive nanocylinders. For small-scale nanocylinders, the density of states on the surface is finite. The screening length, the distance that the "surface charge" actually penetrates into the cylinder interior, is found to be a nanometer scale quantity ͓11͔. For nanocylinders with transverse dimension, i.e., diameter, approaching the screening length, such as single-walled carbon nanotube, the finite size and quantum effects have to be considered thoroughly when calculating the surface/volume charge distribution ͓12,13͔. For nanocylinders with transverse dimension much larger than the screening length, such as multiwalled carbon nanotubes or nanowires with outer diameter larger than 20 nm, this quantum effect can be considered negligible. Thus, the charge distribution can be approximated by the charge distribution on a metallic, perfectly conductive cylinder with the same geometry, to which classical electrostatic analysis can be applied. This is the case under examination in the following. Because there are two types of boundary surfaces in cylindrical-shape conductors with finite length-the cylindrical side surface and the planar end surfaceessentially classical distribution of charge density with a significant charge concentration at the cylinder end has been observed ͓13,14͔. However, there is still a lack of simple models or formulas to describe the charge distribution along finite length conductive nanocylinders; in particular, the concentration of charges at the cylinder ends.
In this paper, we compute the charge distribution on a finitelength conductive nano-scale cylinder based on classical electrostatics, by employing three-dimensional ͑3D͒ numerical simulations. Two types of boundary conditions are analyzed: ͑i͒ freestanding nanotube and ͑ii͒ clamped-free end nanotube cantilever. A formula for the charge distribution including end charge effects is derived from a parametric analysis.
Electrostatic Calculation of Charge Distribution
In the following we define a full 3D model to investigate the charge distribution in a freestanding conductive nanotube of radius R and length L, which is spaced from the ground plane by a distance H. The geometry and coordinate system is schematically shown in Fig. 1 .
For an infinitely long, perfectly conductive cylindrical nanotube, placed over an infinite conducting plane, the charges per unit length L0 can be expressed as ͓15͔
where V 0 is the potential and 0 is the permittivity of vacuum ͑ 0 = 8.854ϫ 10 −12 C 2 N −1 m −2 ͒. For a nanotube with finite length, we used the boundary element method ͑BEM͒ to solve the electrostatic governing equations. An image nanotube is considered to computationally remove the infinite plane. The resulting computational domain and boundary conditions are shown in Fig. 2 .
The electrostatic potential in the computational domain is given by Poisson equation,
where V is the potential and ⍀ is the domain exterior to the conductor and its image. The electric field strength is E =−ٌ V, while the surface charge density is A = 0 E · n, and n is the unit vector perpendicular to the surface. The charge density per unit length along the length direction of the nanotube is given by
where s is the circumference of the nanotube ͑s =2R͒. Note that the above equation only includes charges on the side surfaces. The total electric charge on the nanotube is
where A is the total surface area of the nanotube cylinder, which includes the end surfaces.
Results and Discussions
The numerical integration of the above equations is performed using CFD-ACEϩ, a commercial code from CFD Research Corporation. For consistency, all results are reported for a unitary voltage applied to the nanotube. Also, except for otherwise stated, the radius of the nanotube used in the calculation is R = 20 nm, which is common value of multiwalled carbon nanotubes. A spacing between the nanotube and substrate H = 500 nm is considered.
One example of the charge distribution on the nanotube is shown in Fig. 3 . It is clear that at the end of the nanotube, the charge density is much higher than along its central part, where the charge distribution is almost uniform.
The charge per unit length on the side surface of nanotubes with various lengths in the range L = 1000-4000 nm, are shown in Fig.  4 . The dotted line shows the charge per unit length for an infinitely long cylinder, as given by Eq. ͑1͒. For L = 1000 nm, the charge density in the central part of the cylinder is higher than the result given by Eq. ͑1͒, while for L = 2000, 3000, and 4000 nm, the charge distribution in the central part gradually approaches the value given by Eq. ͑1͒. Likewise, for these cases, the charge distributions at the ends are practically identical. For a given R and H, if L ӷ L * , the charge distribution in the central part of the cylinder is uniform and follows Eq. ͑1͒. By contrast, the charge distribution at the ends is independent of L. Here L * is a "characteristic length," function of R and H, beyond which the distributed charge per unit length along the side surface of the cylinder asymptotically approaches the distributed charge per unit length of a freestanding infinitely long cylinder, L0 , which is given by Eq. ͑1͒. For L ӷ L * , the side surface charge can be expressed as 
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͒dz is the lumped end charge, i.e., the charge in the gray area shown in Fig. 5 .
If L ӷ L * , the total charges on the surface of the cylinder, including both the charges on the side surface and the two planar end surfaces, is given by
where Q e is the charge on the planar surface at the tube end and Q c is the concentrated charge on each end of the cylinder as Q c = Q se + Q e Figure 6 shows the total charge as a function of the nanotube length L when R = 20 nm and H = 500, 1000, and 1500 nm, respectively. The corresponding concentrated charge for various nanotube lengths is given in Fig. 7 . It can be noticed that the concentrated charge tends to a constant value beyond a certain length L. We define such concentrated charge as Q c ͑ϱ͒. In such case Q c Ϸ Q c ͑ϱ͒, where Q c ͑ϱ͒ and L * can be estimated by the equations given in Appendix A. Q c ͑ϱ͒ is plotted as a horizontal line in Fig.  7 . Likewise, the value of L * is represented by the vertical dotted line. Specifically, for H = 500, 1000, and 1500 nm, the corresponding characteristic lengths L * are approximately 2000, 3500, and 4500 nm, respectively.
From this observation, it is inferred that the charge distribution of a finite length nanotube can be modeled with uniform charges distribution corresponding to an infinite nanotube, plus end concentrated charges. Note that the existence of end planes has two effects: ͑1͒ there are additional charges on such planes ͑the corresponding end surface charge is Q e ͒, and ͑2͒ the end plane affects the distribution of the charge along the side surface of the nanotube. The effect is more significant in the area close to the ends than the area in the middle of the nanotube. When the tube is long enough, the charge distribution of the middle part of the tube is not significantly affected by the end surfaces. For the limit case, when the tube becomes infinitely long, the end planes move to ±ϱ and the charge distribution follows Eq. ͑1͒. If the length of the nanotube L Ͻ L * , the charges per unit length in the central part of the nanotube do not follow Eq. ͑1͒, and both Q s and Q e are dependent on the length L. In such a case, a nonuniform charge distribution along the whole cylinder must be considered.
For L ӷ L * , since the end charge Q c is independent of the length L , Q c can be described as a function of R and H, i.e., Q c = Q c ͑R , H͒. Through a parametric study for R = 10− 30 nm, H = 100− 1500 nm and L = L * − 5000 nm ͑L * is listed in Table 1͒ the following formula was identified:
where A is a constant, which was determined numerically to be A Ϸ 0.85. The values computed for A are given in Table 2 . If we define, h = H + R, the distance between the axis of the nanotube and the ground plane, Eq. ͑10͒ can be rewritten as Q c = A L0 ͑Rh 2 ͒ 1/3 . Hence, for L ӷ L * , the total charge Q can be written as
For conductive nanotubes or nanowires based NEMS, one or both ends of the nanotube/nanowire are clamped. Figure 8 illustrates a configuration in which a nanotube cylinder is centrally clamped to a box-shaped electrode and biased with respect to an Fig. 9 . The parameters used in the simulation are R =20 nm, H = 500 nm, L = 3000 nm and the length, width and height of the electrode are Le = 6000 nm, W e = 6000 nm and H e = 500 nm, respectively. From Fig. 9 , it is inferred that the clamped end imposes a significant effect to the charge distribution in the region close to it. By contrast, the charge distribution on the free end follows closely the charge distribution corresponding to the freestanding tube ͑maximum deviation Ͻ6%͒. This finding is consistent with the result reported by Rotkin et al. ͓13͔. The charge distribution on a deflected nanotube canitlever with moderate deflection is also examined. Figure 10 shows the charge distribution on the same nanotube cantilever as in Fig. 9 , with deflection assuming a second polynomial shape; r = r͑z͒ is the distance between the low fiber of the deflected nanotube cantilever and the ground. From Fig. 10 , it can be observed that, except for the regions close to the free end and the clamped end, the charge distribution per unit length closely follows the uniform charge distribution given by Eq. ͑1͒ with H replaced by r͑z͒ ͑maximum deviation Ͻ6%͒, that is,
The difference at the free end shown in Fig. 10 is lumped into a concentrated charge as previously discussed. The concentrated charge at the free end is found to follow Eq. ͑7͒ with L0 replaced by LD ͑L͒. For electrostatic actuated nanotube cantilevers, the effect of charges present at the clamped end on the deflection of the nanotube is quite limited because the distance for generating a bending moment is small. When calculating the electrostatic force, it is reasonable to assume it is composed of the effect of the uniform charge distribution along the cantilever, plus the effect of the concentrated charge on the free end. Thus,
where ␦͑z͒ is the Dirac function. The effect of the concentrated charge on the deflection of the nanotube is substantial. With the consideration of the concentrated charge based on Eq. ͑10͒, the pull-in voltage, one of the key parameters for NEMS cantilever devices, was reported to decrease by about 14% with respect to the case in which only a uniform charge distribution is considered ͓16͔. In summary, in this paper the charge distribution on a biased finite length nanotube cylinder, with diameter of 20-60 nm, above an infinite grounded plane is investigated. The relationship between charge distribution and the geometry of nanotubes is studied in detail by classical electrostatics using full 3D numerical simulation based on the boundary element method ͑BEM͒. A model of the concentrated charge on the ends of nanotubes is proposed based on a parametric study. A geometric condition for Table 2 Constant A in Eq. "10… for particular values of the parameters R and H Fig. 8 Schematic of a biased one-end-clamped nanotube cantilever above an infinite plane. The radius of the nanotube cylinder is R. Fig. 9 Comparison of the charge distribution corresponding to a cantilever nanotube and a freestanding nanotube, both of length L. The parameters used in the simulation are R =20 nm, H = 500 nm, L = 3000 nm. 
